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Superonduting States of Pure and Doped Graphene
Bruno Uhoa, and A. H. Castro Neto
Physis Department, Boston University, 590 Commonwealth Ave., Boston, MA 02215
We study the superonduting phases of the two-dimensional honeyomb lattie of graphene. We
nd two spin singlet pairing states, s-wave and an exoti p+ ip that is possible beause of the speial
struture of the honeyomb lattie. At half lling, the p+ ip phase is gapless and superondutivity
is a hidden order. We disuss the possibility of a superonduting state in metal oated graphene.
PACS numbers: 81.05.Uw, 74.78.-w, 74.25.Dw
Graphene is a two-dimensional (2D) eletroni sys-
tem on a honeyomb lattie whose eletroni exitations
an be desribed in terms of linearly dispersing Dira
fermions [1℄. Beause of its unusual properties [2℄, suh
as anomalous integer quantum Hall eet [3, 4℄ and uni-
versal ondutivity [3℄, graphene has attrated a lot of
attention in the ondensed matter ommunity. One of
the interesting properties of graphene is that its hemi-
al potential an be tuned through a eletri eld eet,
and hene it is possible to hange the type of arriers
(eletrons or holes), opening the doors for a arbon based
eletronis. Superondutivity has been indued in short
graphene samples through proximity eet with super-
onduting ontats [5℄. This indiates that Cooper pairs
an propagate oherently in graphene. From the theoret-
ial side, anomalous Andreev reetion [6℄ and transport
[7℄ have been predited in graphene juntions with su-
perondutors. It is known that the eletroni proper-
ties of graphene are modied by hanging the number of
graphene planes [8℄. In partiular, bilayer graphene has
been demonstrated to be a tunable gap semiondutor
[9℄. These results raise the question of whether it would
be possible to modify graphene, either struturally or
hemially, so that it would beome a magnet [10℄ or
even an intrinsi superondutor. By exploring the num-
ber of graphene layers and the hemial omposition, it
maybe possible to tailor its eletroni properties.
In this letter, we derive a mean-eld phase diagram
for spin singlet superondutivity in graphene. We show
that besides the usual s-wave pairing, an unexpeted spin
singlet state with p + ip orbital symmetry is possible
beause of the struture of the honeyomb lattie. In
fat, we show that the p + ip state is preferred to the
s-wave state if the on-site eletron-eletron interations
are repulsive. p + ip-pairing states are rather interest-
ing [11℄ beause, in the presene of a magneti eld, the
superonduting vorties are desribed in terms of Ma-
jorana fermions with non-abelian statistis that an be
used for topologial quantum omputing [12℄. Although
it is very hard to predit pairing mehanisms from mi-
rosopi models, we examine possible phonon and plas-
mon mediated superondutivity in hemially modied,
metal oated, graphene, as shown in Fig. 1. Our results
indiate that a plasmon mediated superondutivity is
Figure 1: (olor online) Graphene oated with metal. Small
blak (white) irles belong to the A (B) sublatties; Large
(red) irles represent the metal atoms.
possible in this system.
Notie that on symmetry grounds an eletroni state
on a honeyomb lattie has three dierent omponents
assoiated with the ontinuous SU(2) spin symmetry and
the disrete lattie symmetry (the honeyomb lattie an
be desribed as a triangular lattie with a basis with two
atoms, A and B, as in Fig. 1). At low energies and long
wavelengths, lose to the Dira point, the system has
eetive SO(3) ⊗ Z2 spatial symmetry. Hene, the su-
peronduting state an have a Cooper pair wavefuntion
of the form Ψpair = ψS ⊗ ψL ⊗ ψA−B , where ψS is the
spin, ψL is the orbital, and ψA−B is the sub-lattie om-
ponent. Pauli's priniple requires the wavefuntion to be
anti-symmetri for the exhange of partiles. For a spin
singlet state, S = 0, one an have either L = even and
A− B symmetri (L = 0 being the s-wave), or L = odd
and A−B anti-symmetri (L = 1 being p-wave).
The free eletron Hamiltonian an be written as:
Ht = −µ
∑
i
nˆg,i − t
∑
〈ij〉
∑
s=↑↓
(a†i,sbj,s + h.c.) , (1)
where t ≈ 2.8 eV is the hopping energy between nearest
neighbor C atoms, ai,s (a
†
i,s) is the on-site annihilation
(reation) operator for eletrons in the sublattie A with
spin s =↑, ↓, and bi,s (b†i,s) for sublattie B, nˆg,i is the
on-site partile density operator, and µ is the graphene
hemial potential (we use units suh that ~ = 1 = kB).
Diagonalization of (1) leads to an spetrum given by:
εk = −t|γk|, where k is the 2D momentum, and γk =∑
~δ
e
ik·~δ
(
~δ1 = a(xˆ/2 +
√
3/2yˆ), ~δ2 = a(xˆ/2 −
√
3/2yˆ),
and
~δ3 = −axˆ, where a ≈ 1.42 Å is the C-C distane).
2yk
kx
a) yk
kx
b)
Figure 2: (olor online) p+ ip order parameter in momentum
spae: (a) lose to the Dira point and (b) away from it. Dark
(blak) line is the real part, gray (red) is the imaginary part,
and dashed is the amplitude of the order parameter.
At the orners of the hexagonal Brillouin zone (at Q0 =
[0,±4π/(3√3a)]), the band has the shape of a Dira one:
εQ0+k = ±v0|k|, where v0 = 3at/2 ≈ 6 eV Å is the
Fermi-Dira veloity. In neutral graphene, the hemial
potential rosses exatly through the Dira point (µ = 0).
The eletron-eletron interations are desribed by:
HP =
g0
2
∑
is
[
a†isaisa
†
i−sai−s + b
†
isbisb
†
i−sbi−s
]
+g1
∑
〈ij〉
∑
s,s′
a†isaisb
†
js′bjs′ , (2)
where g0 and g1 are on-site and nearest neighbor eletron-
eletron interation energies, respetively. It is easy to
see that the superonduting order parameters for spin
singlet are: (1) s-wave: ∆0 = 〈ai↓ai↑〉 = 〈bi↓bi↑〉; (2)
p-wave: ∆1,ij = 〈ai↓bj↑ − ai↑bj↓〉 . We assume ∆1,ij =
∆1 for all nearest neighbors and zero, otherwise. In the
momentum spae one has: ∆k =
∑
ij ∆1,ije
−ik·(ri−rj) =
∆1γ
∗
k . Close to the Dira points Q0 (Fig. 2(a)) the order
parameter an be written as, ∆Q0+k = (3a/2)∆1(ky +
ikx), that is, it has p + ip symmetry. At high energies,
away from the Dira point, the disrete symmetry of the
lattie is reovered and the pairing state is modied as in
Fig. 2 (b). For simpliity, however, we refer to this phase
as p+ ip, whih is the symmetry lose the Dira one.
Deoupling the interation terms in (2) gives,
HP = E0 + g0∆0
∑
i
(
a†i↑a
†
i↓ + b
†
i↑b
†
i↓
)
+ h..
+g1
∑
〈ij〉
∆1,ij
(
a†i↑b
†
j↓ − a†i↓b†j↑
)
+ h.. , (3)
and the total Hamiltonian an be diagonalized via a Bo-
goliubov transformation: Heff =
∑
k,α,s ωkαsnˆ
B
kαs + E0 ,
where E0 = −g0∆20 − 3g1∆21 (∆0 and ∆1 are real num-
bers), and nˆBk,α is the quasi-partile number operator.
The spetrum is: ωk,α,s ≡ αωk,s, with α, s = ±1 and,
ωk,s =
√
(t|γk|+ sµ)2 + (g0∆0 + sg1∆1|γk|)2 . (4)
For ∆0 6= 0 and ∆1 = 0, eq. (4) desribes an s-wave
state with a gap given by: E
{0}
g = 2|g0∆0|. In the ase,
∆0 = 0 and ∆1 6= 0, the system has an isotropi gap
E
{1}
g = 2|µg1∆1|/
√
t2 + g21∆
2
1 , whih sales linearly with
µ. In the neutral limit (µ = 0) for ∆0 = 0, the dispersion
(4) is gapless, with ωk,s = t¯|γk|, where t¯ is the eetive
hopping energy t¯ = t
√
1 + g21∆
2
1/t
2, whih renormalizes
the Fermi-Dira veloity. Notie that in this ase, the
superonduting state does not lead to a gap in the spe-
trum but to a renormalization of the veloity. This state
of aairs we all hidden order. In the ase for ∆0 6= 0
and ∆1 6= 0, partile-hole symmetry is broken and the
gap is given by E
{0,1}
g = 2|tg0∆0 − g1µ∆1|/t¯.
The values of ∆0 and ∆1 are alulated by minimizing
the free energy: F = − 1
β
∑
k,α,s ln
(
1 + e−βωkαs
)
+ E0,
where β = 1/T . The oupled self-onsistent equations
for the order parameters are:
∆0= −
∑
k,s
(g0∆0+s|γk|g1∆1)tanh(βωks/2) /(2ωks) ,
∆1 =−
∑
k,s
|γk| (g1∆1|γk|+sg0∆0)tanh(βωks/2) /(6ωks) .
For µ 6= 0, one nds three distint phases (see Fig. 3 (a)):
(i) a s-wave phase for attrative on-site (g0 < 0) and re-
pulsive nearest neighbor (g1 > 0) interations; (ii) a p+ip
phase for repulsive on-site (g0 > 0) and attrative nearest
neighbor interations (g1 < 0); and (iii) a o-existene
phase for fully attrative interations (g0, g1 < 0). The
superonduting transitions from normal to s-wave, and
normal to p + ip are of seond order. The transitions
involving the mixed phase for g0 < 0 and g1 → 0 or
g1 < 0 and g0 → 0 are of rst-order even at T = 0.
At the ritial temperature, Tc, the phase transitions of
phases (i) and (ii) to the normal state are seond order,
while the transition between the mixed phase and the
normal phase is abrupt. In the weak oupling limit of
phase (i), i.e. for |g0| ≪ −gc0 ≡ πv20/Λ, where Λ is a
high energy ut-o, the ritial temperature is given by
[13℄: Tc ≈ 2µ(γ/π) exp{−Λ(gc0/g0 − 1)µ−1 − 1}, where
ln γ ∼ 0.577 is the Euler onstant. In reality, however,
beause the system is 2D there an be no true super-
onduting long-range order (Mermin-Wagner theorem)
but there will be a Kosterlitz-Thouless (KT) transition
below a ertain temperature TKT < Tc. Hene, Tc only
establishes the temperature below whih the amplitude
of the order parameter beomes nite while its phase still
utuates. Phase oherene only ours at low temper-
atures and depends on the phase stiness of the system.
Although the transition is of the KT type, one expets a
preipitous drop of the resistivity of the material below
TKT indiating the entrane of the eletrons into a state
of quasi-long-range superonduting order.
For µ = 0 superondutivity requires a minimum ou-
pling to our (the problem beomes quantum ritial).
The quantum ritial lines are given by g0 = g
c
0 ≡
−πv20/Λ and g1 = gc1 ≡ −4πv40/(a2Λ3), as shown in Fig.
3 (b). We identify the phases: (iv) s-wave for g0 < g
c
0
31g
0g
−wave
p+ip
mixed
s−wave
a)
1
cg
c
0g
1g
0g
mixed
s−wave
gapless
b)
Figure 3: Mean-eld phase diagram: (a) µ 6= 0; (b) and µ = 0.
Dashed lines are rst order transitions, ontinuous lines are
seond order.
and g1 > f(g0) ≡ g20gc1/[g20− (3/2)(g0−gc0)2]; (v) gapless
phase, for g1 < h(g0) ≡ 4[v2F /(a2Λ2)]g0 < gc1; and (vi)
mixed phase, for h(g0) < g1 < f(g0), where the symme-
try is mixed between s and p+ ip pairing.
We remark that the physial realization of superon-
dutivity in neutral graphene is diult beause of the
vanishing density of states and the absene of eletron-
eletron sreening. Therefore, in order to superondu-
tivity to develop easily one has to substantially shift the
graphene hemial potential away from the Dira point.
This an be ahieved by hemially doping graphene with
a metal oating: when an alkaline metal is plaed on
top of a graphene rystal, the s eletrons migrate to the
π-band to ompensate the strong dierene in eletro-
negativities, raising up the hemial potential from the
Dira points and lowering the energy of the metalli
bands in order to establish eletrostati equilibrium.
Sine neither arbon nor alkaline metals alone superon-
dut in ordinary onditions, we identify twomain possible
mehanisms for superondutivity on oated graphene:
1) eletron-phonon oupling of the ions with the eletrons
in the modied metalli bands, and 2) eletron-plasmon
oupling of the graphene eletrons with the aousti plas-
mons of the metal.
The eletron-phonon mehanism tends to favor super-
ondutivity at high eletroni densities, and has been
used to explain the bulk superondutivity of graphite
interalated CaC6 [14, 15, 16℄. The strength of the
eletron-phonon oupling an be extrated from ab initio
alulations and from experimental data, whih are not
urrently available for oated graphene. Nevertheless,
this mehanism is onventional and we will not disuss it
here.
In the eletron-plasmon mehanism, the attrative
eletron-eletron interation is mediated by a sreened
aousti plasmon of the metal, whih is favorable to su-
perondutivity at low eletroni densities, where the
plasmon is weakly damped by the graphene partile-hole
ontinuum. In the remaining of the letter we investigate
under what onditions this mehanism ould be ee-
tive for graphene superondutivity. Sine eletrons and
aousti plasmons have omparable energy sales, a reli-
able alulation of the ritial temperature requires the
study of retardation eets that we will over in future
publiations.
Plasmon mediated superondutivity has been widely
studied in the past [17, 18, 19, 20, 21℄ and we onentrate
on the partiular aspets of the graphene problem. In
oated graphene, the Coulomb interation between the
layers indues an eetive eletron-eletron interation
for eletrons in the graphene layer that an be alulated
with the use of the random phase approximation (RPA)
[22℄. The RPA expansion in terms of the zeroth order
polarization funtions of the metal, Π0m, and of graphene,
Π0g, results in an eetive retarded interation of the form:
Hgef =
∑
q
∑
ω
Vef (q, ω) nˆg(q, ω)nˆg(−q,−ω) , (5)
where,
Vef (q, ω)=V0,q/ǫ(q, ω)
[
1−(V0,q−Vd,q)Π0m(q, ω)
]
, (6)
is the eetive eletron-eletron interation, and
ǫ(k, ω) = 1− V0,q
[
Π0g(k, ω) + Π
0
m(k, ω)
]
+(V 20,q − V 2d,q)Π0m(k, ω)Π0g(k, ω) (7)
is the total dieletri funtion of the system, with Vd,q =
2πe2e−qd/(ǫ0q) as the Fourier transform of the Coulomb
interation between eletrons in two layers separated by
a distane d. In Eq. (7), the separation between the
metal and graphene layers indues a ross polarization
term between the two layers that vanishes when d = 0.
In the opposite limit, kd≫ 1, the two layers deouple.
The eletroni suseptibility of metals is ommonly de-
sribed by the Lindhard polarization funtion. When
ω > vF q, where vF is the Fermi veloity of the metal,
the q → 0 limit of the 2D Lindhard funtion gives [22℄
V0,qΠ
0
m(q, ω) = Ω
2
m/ω
2 , where Ωm(q) = e
√
2EF q/ǫ0 is
the plasmon of the 2D eletron gas, and EF is the Fermi
energy of the metalli band. The polarization funtion
of graphene at small momentum q is dominated by intra-
band exitations onneting states in the same branh of
the Dira one. At lowest order, it has the same momen-
tum and frequeny dependene of the polarization fun-
tion of an innite stak of graphite layers in the absene
of interplane hopping [23℄:
Π0g(q, ω) = −(2µ/πv20)
[
1− ω/
√
ω2 − v20q2
]
. (8)
In the low frequeny limit, ω ≪ v0q, the polarization
funtion of graphene is approximated by its stati part,
Π0g(q, 0), and the total dieletri funtion (7) beomes
ǫ(q, ω) = ǫg(q, 0)
[
1− Ω2p(q)/ω2
]
, where,
Ω2p(q)≈Ω2m(q)/ǫg(q, 0)
[
1−(1−e−2qd)V0,qΠ0g(q, 0)] ,
(9)
4is the sreened plasmon mode of the metal (i.e.,
ǫ(q,Ωp(q)) = 0). When qd ≪ 1 and |ω| ≪ v0q, this
plasmon has a linear dispersion, Ωp(q) ≈
√
E∗F /(2µ)v0q,
where E∗F = EF
[
1 + (8e2dµ/ǫ0v
2
0)
]
. For qd ≫ 1, the
plasmon is not sreened by the graphene layer, and one
reovers the plasmon dispersion for the 2D eletron gas:
Ωp → Ωm ∝ √q. In the region vF q < |ω| ≪ v0q, eq. (6)
an be approximated as:
Vef (q, ω)≈V0,q/ǫg(q, 0)
[
Ω2p/(ω
2 − Ω2p) + 1
]
, (10)
In the attrative region 1 of Fig. 4, the eletrons of
graphene sreen the harge utuations, restoring the
longitudinal response of the olletive modes in the nor-
mal phase, that is required to preserve the loal gauge
invariane of the superondutor in the London limit
[24℄. The eletrons of the metal by their turn are slow
and tend to anti-sreen the graphene eletrons [25℄, pro-
duing an average repulsive interation in the metal-
li band. In the high frequeny limit |ω| ≫ v0q, the
eetive interation (6) has a seond region of attra-
tion (region 2 of Fig. 4). For qd ≪ 1, the ee-
tive interation in this region an be approximated by
Vef (q, |ω| ≫ v0q) = V0,q
[
Ω22D/(ω
2 − Ω22D) + 1
]
, where
Ω2D(q) = e
√
2(EF + µ)q/ǫ0 is the plasmon dispersion of
the 2D eletron gas. Although the interation is attra-
tive for |ω| < Ω2D(q), this attrative region is present in
the ordinary 2D eletron gas and it does not lead itself
to superondutivity, although it favors superondutiv-
ity by reduing the Coulomb repulsion.
A neessary ondition for appearane of plasmon in-
dued superondutivity is that the sreened aousti
plasmon is not overdamped by the partile-hole ontin-
uum in the interval vF q < Ωp . v0q. In the long wave-
0 0.05 0.1 0.15 0.2
-2
-1
0
V e
f
vFq
v q0
ω
q
Ωp
Ω2D
b)
a)
1
2
1
2
metal continuum
Figure 4: a) Low energy exitations in the metal-graphene
system. Dark and grey regions are the partile-hole on-
tinuum of the metal and of graphene, respetively. b) Real
(solid) and imaginary (dashed) parts of the eetive intera-
tion (6), in units of 2πe2v0/(ǫ0µ) ∼ 45 eV Å
2
vs. momentum
normalized by µ/v0, for ω = 0.1µ, µ = 2 eV, EF = 0.4 eV.
length limit, qd ≪ 1, the ondition for the existene of
this aousti mode is EF . 2µǫ0/(ǫ0 + 8αgdµ/v0) <
mv20/2 ≈ 2.4 eV. For µ ∼ 2eV, ǫ0 ∼ 5 and d ∼ 3 Å [26℄,
the left hand side of the inequality beomes EF . 1 eV,
or equivalently that the eletroni onentration in the
metal layer has to be smaller than σc ≈ 4 × 1014 ele-
trons m
−2
(or 0.12 eletrons per C). If x is the number
of remaining eletrons per metalli atom M, for a system
with hemial omposition [MnCm]2D, one of the on-
ditions is that x . 0.12(m/n) . For K oated graphene
[KC8]2D, whih is known to form a stable metalli lattie
[27℄, the ondition is x . 0.96 eletrons per K. Values
of x ∼ 0.54−0.83 were obtained by ab initio alulations
for K adsorbed in graphite [27℄.
In onlusion, we have derived the mean-eld phase
diagram for superondutivity in a honeyomb lattie,
where a novel singlet p+ip phase appears. We have exam-
ined the mehanism of plasmon mediated superondu-
tivity in graphene with the aim of proposing new arbon
low-dimensional systems where superondutivity an be
observed.
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